PROOF OF GAL'S CONJECTURE FOR THE D 
SERIES OF GENERALIZED ASSOCIAHEDRA 



Mikhail Gorsky 
June 10, 2011 



In this short note we consider generalized associahedra of type D. We prove 
that these polytopes are not nestohedra for n > 4, but the statement of Gal's 
conjecture holds for them. 

A convex polytope of dimension n is said to be simple if each of its vertices 
is contained in precisely n facets. A simple polytope P n is called a flag if any 
set of pairwise intersecting facets Fi t , . . . , Fi k has a non-empty intersection. 

The theory of cluster algebras deals with generalized associahedra, simple 
flag polytopes dual to the cluster complexes of finite type algebras ([!]). Each 
such polytope corresponds in a canonical way to a disjoint union of Dynkin dia- 
grams. Standard associahedra As n correspond to the diagrams A n ; cyclohedra 
Cy n correspond to the diagrams B n and C n . We let D n denote the series of 
generalized associahedra corresponding to the diagrams D n . 

Let fi be a number of i-dimensional faces of an n-dimensional polytope 
P. As usual, let us introduce f(P)(t) = £,"=0 /,-** and h(P)(t) = f(P)(t - 
1), the /— and ft,— polynomials of the polytope P n . For simple polytopes the 
Dehn-Sommerville equations hold (see, e.g., [5]), these are equivalent to the 
reciprocity of the h— polynomial, that is 

[f] 

h(p)(t) = j2i*t l (i + ty 1 - 21 - 

The polynomial j(P)(t) = £i=o 7« rl ^ s caue d the 7— polynomial. 
Conjecture 1 (Gal [5]) Let P be a flag polytope; then ji(P) > 0. 

Consider the set & cuhc of polytopes obtained from the standard cube by 
succesively shaving off faces of codimension 2 Gal's conjecture was proved for 
flag nestohedra in [5] using the following two facts: each flag nestohedron lies in 
^ cube , and the statement of the conjecture holds for all polytopes in ^ cubc . The 
polytopes As n and Cy n are nestohedra (see [7]), hence the conjecture is already 
proven for them. Our main result can be formulated as follows: the polytopes 
D n are not nestohedra (for n > A), however, they lie in <^> cuhe t therefore Gal's 
conjecture holds for them. 

A collection B of non-empty subsets of the set [n + 1] = {1, . . . , n + 1} is 
called a connected building set on [n + 1] if: 1) {i} G B for all i G [n + 1] and 
[n + 1] 6 B: 2) if Si, S 2 £ B and Si n S 2 ^ 0, then Si U S 2 € B. 

Let &i be the vectors of the standard basis of For each S G [n + 1] we 

define the simplex Ag = conv{ei,i G S} , where 'conv' denotes the convex hull. 
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The nestohedron Pb is the Minkowski sum ^ As over S <E B. Each nestohedron 
is a simple polytope (see [7]). 

Let us consider the differential ring (V,d) of polytopes introduced in pQ, 
where dP is the formal sum of all the facets of a polytope P. For nestohedra the 
following formula holds: 

dP B = Yl P B\s >< PB/S (1) 
SeB/B max 

Here B max is the set of maximal elements of B under the inclusion relation, 
B\ s = {S' cS,S'e5}, and B/S = {S' = S"\S, S" e S} . 
We need the following two known facts: 

(i) The set of facets of As n corresponds bijectively to the set of diagonals of 
the regular (n + 3) — gon, at that two facets intersect if and only if the diagonals 
corresponding to them do not have common interior points (see [B]). 

(ii) The set of facets of D n corresponds bijectively to the set Diag UDUfl', 
where the set Diag consists of the unordered pairs of centrally symmetric (each 
to the other) non-diameter diagonals of the regular 2n-gon; each set of D and D' 
consists of diameters of the 2n-gon. It is convenient to think that each diameter 
in D is coloured in one color, and each diameter in D' in another. Two facets 
intersect if they correspond to pairs of diagonals which do not have common 
interior points, or to diameters of the same color, or to diameters of different 
colours connecting the same antipodal points, (see [3]). 

Using these facts, we have the following result. 

n— 3 

Proposition 1 dD n = n( £ (As k x D 11 -^ 1 ) + 2As n ~ 1 ). 

k=0 

The formula (fTJ) has an immediate consequence. 

Proposition 2 Let P be an n— dimensional polytope that does not decompose 
into a nontrivial direct product, and let P have at least 2n + 3 facets which do 
not decompose into a nontrivial direct product. Then P is not a nestohedron. 

It is known that the polytopes As n do not decompose into a nontrivial direct 
product. Hence, by induction, we obtain the following result from Propositions 
CD and H 

Theorem 1 Generalized associahedra of type D n are not nestohedra for n > 4. 

Theorem 2 Generalized associahedra D n lie in the set p cube _ 

The proof is by induction on n : it can be shown that D n can be obtained 
from D' 1 ^ 1 x I by succesively shaving off faces of codimension 2. It turns out 
that one can first shave off some (n — 1) faces of one of the bases of D™ -1 x 0, 
then a face that is the intersection of two facets (one of which is obtained by 
shaving, while the other is a face of D n ~ 1 x I) corresponding to two diameteres 
of different colours, and then (n — 3) more faces of the same base. Since D n is a 
flag polytope, its combinatorial structure is determined by pairwise intersections 
of its facets. In terms of diagonals of the 2n— gon one can easily check that the 
procedure described above leads to the required polytope . 
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Corollary 1 Gal's conjecture holds for generalized associahedra D n . 

Remark. By a construction in [3], one can use a sequence of shavings of the 
polytope D n x I leading to D n to obtain an explicit recurrence relation ex- 
pressing 7(-D ra ) in terms of j{D k ) and r y(As k ), k < n. See the derivation of a 
similar relation for the cyclohedron in [3J. 

The author is grateful to V. M. Buchstaber for suggesting the problem and 
for his attention to this work, and to V. D. Volodin for valuable discussions. 



References 

[1] V. M. Buchstaber. Ring of Simple Polytopes and Differential Equations. 
Geometry, topology, and mathematical physics. I, Collected papers. Ded- 
icated to Academician Sergei Petrovich Novikov on the occasion of his 
70th birthday, Tr. Mat. Inst. Steklova, 263, MAIK Nauka/Interperiodica, 
Moscow, 2008, 18-43 

[2] V. M. Buchstaber and T. E. Panov, Torus actions and their applications 
in topology and combinatorics, Univ. Lecture Ser., vol. 24, Amer. Math. 
Soc, Providence, RI 2002. 

[3] V. M. Buchstaber, V. Volodin. Upper and lower bound theorems for graph- 
associahedra; arXivrmath. CO /1005.1631 

[4] S. Fomin and A. Zelevinsky. Y-systems and generalized associahedra. An- 
nals of Math. 158:3 (2003), 977-1018; [arXiv:hep-th/0111053[ 

[5] S. R. Gal. Real root conjecture for five- an higher-dimensional spheres. 
Discrete Comput. Geom., 34:2 (2005), 269-284; [aFXiv:math/0501046[ 

[6] C. W. Lee. The associahedron and triangulations of the n-gon. European 
J. Combin. 10:6 (1989), 551-560. 

[7] A. Postnikov. Permutohedra, associahedra, and beyond. Int. Math. Res. 
Not. IMRN, 2009, no. 6, 1026-1 106; |arXiv:math CO /0507163| 

[8] V. D. Volodin. Cubical realizations of flag nestohedra and proof of Gal's 
conjecture for them. Uspekhi Mat. Nauk, 65:1(391) (2010), 183-184 



3 



